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Abstract—In this paper, we consider Bayesian multi-target
tracking using phased array of sensors. Although joint Bayesian
filtering is theoretically the optimal approach to multi-target
tracking, the method suffers from high computational complexity
for large numbers of targets. The PHD and multi-Bernoulli
filters avoid this complexity by operating in the dimensionality
of a single target space. However, these filters do not possess a
mathematical framework to operate directly on signals from the
phased sensor array. Therefore, it is necessary for the sensor
signals to be first converted to a beamformer image (in the
multi-Bernoulli filter) which is then thresholded (in the PHD
filter). Moreover, resolving close targets in a beamformer image
is difficult. This paper proposes the use of MUSIC as a pseudo-
likelihood in the multi-Bernoulli filter. The merits of this proposal
are that the multi-Bernoulli filter is able to operate more directly
on sensor array signals, and that close targets are effectively
resolved. We show the efficacy of our approach in reverberant
and noisy environments.

I. INTRODUCTION

Much scientific research and many practical applications
depend on the estimation of an unknown entity (called a
target). A target is characterised by its state, which captures all
the information of interest concerning the target, for example,
its dynamics. The aim is then to estimate the state of the
target from its effects on a data stream, usually consisting
of sensor measurements. This paper addresses multiple target
tracking (MTT) using a phased array of sensors that receive
noisy signals generated by or reflected from the targets [1]
at discrete time samples, such as occurs in the tracking of
aircraft from RADAR or fish from SONAR. The availability
of successive sensor observations allows sequential Bayes’
filtering [2] to construct a posterior probability distribution
function (pdf) of the target state using previous target state
information as the prior. However for MTT, the Bayes’ filter
becomes intractable due to the high-dimensional nature of the
posterior [3]. This problem can be overcome by the particle
filter (PF) [4], which approximates the posterior by a set of
weighted samples (“particles”) [5, 6].

If the number of targets is known, then the Bayesian joint
filter approach is strictly the correct way of casting the multi-
target tracking problem. Here, the single target state space
is augmented as a single probabilistic entity to form a joint
multi-target probability density (JMPD) [7]. In the joint PF
(the particle implementation of the Bayesian joint filter), every
particle is a concatenation of individual single target hypothe-
ses, i.e., it is a complete hypothesis about the locations of all
the actual targets present. One general problem of the joint

filter approach is that it is uncertain as to which observation
should be associated with which target — the “data association
problem,” for which a number of solutions have been proposed
[8–11]. Frequently, the number of targets is unknown and
must itself be modelled as random variable (see [12–14] for
approaches addressing this limitation). Futhermore, the joint
filter maximises the likelihood of only the joint target state that
hypothesises the number of targets and all their states correctly.
Consequently, in the joint PF, the information contained in
partially correct particles — those that hypothesise only a few
targets correctly, or those that hypothesise all the targets cor-
rectly but have additional wrong hypotheses — is completely
lost. In typical applications, most particles are only partially
correct. The major limitation of joint filtering, however, is
the exponential increase in its complexity [15] for increasing
numbers of targets. This resource complexity continues to be
a challenge to the research community [16].

A class of Bayesian sub-optimal MTT filters are the
random finite set (RFS) filters [17]: the probability hypothesis
density (PHD) [18] filter and the multi-target multi-Bernoulli
(MeMBer) filter [2, 19]. These filters can also be implemented
using particles. The PHD filter operates by approximating
the JMPD by its first moment while the MeMBer filter
[20] approximates the posterior using its multi-Bernoulli RFS
parameters. The fundamental advantage of these filters is that
they operate in the dimensionality of a single target space
and thereby avoid the computational complexity and data
association problems of the joint filter. However, since the
filters are sub-optimal, they could be flawed in many ways,
for example, in high noise scenarios. The major challenge,
nonetheless, is that the measurement feed to the filters is
a finite set containing noisy target state estimates, thereby
impeding the direct use of phased array data. This drawback
is only partially overcome when the MeMBer filter has been
extended to image observations [21, 22]. To date, the RFS
filters do not provide a suitable mathematical formalism to
evaluate the likelihood function for phased array data, because
these filters operate in the dimensionality of a single target,
while the phased array data requires a joint state hypothesis
to evaluate the likelihood. In the PHD filter, this problem is
avoided by first converting the array data into an image [23, 24]
by means of a single target beamformer or FFT [25], and then
obtaining the finite set measurements using pre-processing,
such as segmentation and thresholding [26]. The MeMBer filter
for image data does not require image pre-processing, but still
necessitates the conversion of the array data into a image.
Closely related work in [27, 28] deals with super-positional



sensors that generate a “single measurement” from multiple
targets. However, this single measurement was considered to
be a point estimate of the targets rather than a signal; implying
that the array data has to be converted to a beamformer image.
These intermediary conversion processes cause substantial loss
of information contained in the phased array sensor signals,
and could be detrimental for real time applications [29] at high
noise conditions. In addition, it becomes difficult to resolve
close targets in beamformer images.

The motivating rationale of this paper is to find a function
similar to the PHD, which will act as a likelihood function
while having the dimensionality of the state of a single target.
The MUltiple SIgnal Classification (MUSIC) pseudo-spectrum
[30] is such a function. MUSIC is one of what are called
“super-resolution techniques” and provides a suitable frame-
work to feed the array signals more directly to the MeMBer
filter. Here we propose to use MUSIC as the pseudo-likelihood
in the MeMBer filter for image observations. The advantage
of this proposition is that filtering can now be conducted more
directly on the sensor signals. Moreover, close targets are
better resolved by virtue of the super-resolution property of
MUSIC. Through a simulated study, we validate our approach
in accurately tracking multiple appearing/disappearing targets
in an acoustic sensing environment. We also present a detailed
study of the effects of MUSIC on the posterior pdf.

The rest of the paper is organised as follows. In section II
we set the notation and describe the Bayes’ joint filter. In
section III, we outline the MeMBer filter for image observa-
tions. After stating the problem in section IV, we present our
proposal in section V. We then present our simulation results
in section VI and conclude in section VII.

II. BAYESIAN INFERENCE

In this section, we introduce the notation and the mathe-
matical formulations for Bayesian target tracking. The state of
a target xk at time k may be characterised, for example, by its
position and velocity in a two-dimensional space as

xk = [x, vx]
T (1)

where x and vx are the position and velocity. (.)T denotes
matrix transpose. The process and the observation models are
described as

xk = fk(xk−1, qk−1) (2)

zk = hk(xk, rk) (3)

where the nonlinear functions fk and hk are the state evolution
and measurement functions respectively. qk−1 and rk are the
process and observation noise sequences respectively.

Target inference is achieved by estimating the state of a
target xk at time k using the sensor data z1:k received until
the kth time step. The sequential Bayes’ filter facilitates this
estimation by using the previous posterior pdf p(xk−1|z1:k−1)
to construct p(xk|z1:k). In the joint approach of Bayesian
MTT, xk is replaced by the joint target state Xk which is
a concatenation of the individual target states

Xk = [x1k, x
2
k, ..., x

N
k ]T (4)

where N is the number of targets present at time k. The single
target posterior pdf p(xk|z1:k) is replaced by the joint multi-
target posterior p(Xk|z1:k). The Bayes’ joint filter recurses in

two stages: a) prediction, and b) update. The prediction of the
state from k − 1 to k is given by

p(Xk|z1:k−1) =
∫
p(Xk|Xk−1)p(Xk−1|z1:k−1)dXk−1 (5)

Once the new sensor data zk is obtained, Bayes’ rule is used
to update the prediction as

p(Xk|z1:k) =
p(zk|Xk)p(Xk|z1:k−1)

p(zk|z1:k−1)
(6)

The recurrence of the prediction and correction processes is the
property that forms the basis for the Bayes’ recursive filter. An
estimate of Xk can then be extracted from p(Xk|z1:k) using
any familiar Bayesian state estimators.

III. MULTI-BERNOULLI BAYESIAN APPROXIMATION

In this section, we present the multi-Bernoulli approxima-
tion to the Bayes’ filter [19, 20, 31]. A Bernoulli set X has a
probability 1− ε of being a null set, and has a probability ε of
containing a single element x that is distributed according to
a pdf p. A multi-Bernoulli RFS X can be considered as union
of a fixed number of independent Bernoulli sets, such that

X =

M⋃
m=1

Xm (7)

where the mth Bernoulli set is described by its two parameters;
the existence probability εm and the pdf p(xm). The MeMBer
filter recursively propogates these Bernoulli parameters and
hence is considered as a parameterised approximation to the
sequential Bayes’ filter. The JMPD at time k can then be
approximated as

p(Xk|z1:k) ≈ {εmk , p(xmk )}Mk
m=1 (8)

and the corresponding PHD is

D({x1k, ...x
Mk

k }|z1:k) =
Mk∑
m=1

εmk p(x
m
k ) (9)

In the following subsection, we will describe the operation of
the MeMBer filter for image observations.

A. MeMBer filter for image observations – Vo et al. [21]

If the multi-Bernoulli parameters that describe the multi-
target posterior at time k − 1 are known and given by

p(Xk−1|z1:k−1) ≈ {εmk−1, p(xmk−1)}
Mk−1

m=1 (10)

then (5) can be approximated [21] as

p(Xk|z1:k−1) ≈ {εmP,k, p(xmP,k)}
Mk−1

m=1 ∪ {εmB,k, p(xmB,k)}
MB,k

m=1
(11)

where
εmP,k = εmk−1

∫
pS(x

m
k−1)p(x

m
k−1)dx

m
k−1 (12)

p(xmP,k) =

∫
pS(x

m
k−1)p(x

m
k |xmk−1)p(xmk−1)dxmk−1∫

pS(xmk−1)p(x
m
k−1)dx

m
k−1

(13)

where pS(x
m
k−1) is the survival probability of the mth target

state xm in the multi-Bernoulli set at time k − 1. The set
{εmB,k, p(xmB,k)}

MB,k

m=1 contains the multi-Bernoulli parameters



for the MB,k newborn targets at time k. MB,k is usually
modelled as Poisson distributed with mean λB .

Once the new image observation zk and the predicted
multi-Bernoulli parameters {ε̂mk , p(x̂mk )}Mk

m=1 are obtained, the
JMPD in (6) can be approximated [21] as

p(Xk|z1:k) ≈ {εmk , p(xmk )}Mk
m=1 (14)

where

εmk =
ε̂mk
∫
l(zk|x̂mk )p(x̂mk )dx̂mk

1− ε̂mk + ε̂mk
∫
l(zk|x̂mk )p(x̂mk )dx̂mk

(15)

p(xmk ) =
l(zk|x̂mk )p(x̂mk )∫
l(zk|x̂mk )p(x̂mk )dx̂mk

(16)

Using the observation model described in Ch. 11 of [3], the
likelihood ratio of the mth hypothesis (see (3) of [21]) is

l(zk|x̂k) ,
∏
t∈T

N (gtk(x̂k), σ
2)

N (0, σ2)
(17)

where N (a, b) is a normal distribution with mean a and
variance b. T includes the high illumination regions of tar-
get activity obtained by thresholding the image zk using an
illumination threshold Il. t indexes the set of pixels that fall
within T . From (11.19) in Ch. 11 of [3], (17) can be written
(up to a normalising constant) as

l(zk|x̂k) =
∏
t∈T

exp
(
− gtk(x̂k)(g

t
k(x̂k)− 2ztk)

2σ2

)
(18)

where σ2 is the noise variance at each pixel. gtk(x̂k) is the
intensity contribution of a point target hypothesis x̂k at the tth
pixel. The hypothesis measure gk(x̂k) (which is a image) is
obtained, as from (3), according to

gk(x̂k) = hk(x̂k) (19)

If the existence probability εmk of a hypothesised track is less
than a threshold Tprune, the track is eliminated. If the distance
between the estimates of two targets is closer than a threshold
Tmerge, the tracks are merged by combining their Bernoulli
parameters [2].

In the particle implementation of the MeMBer filter, for the
multi-target posterior approximation in (14), each probability
density {p(xmk )}Mk

m=1 is approximated using a set of weighted
particles {xm,ik , wm,ik }Ii=1, where i is the particle index and I is
the total number of particles. The formulation for the particle
prediction, the weight update and the existence probability
update can be found in [21, 22]. Resampling strategies for the
PF can be found in [32, 33].

IV. PROBLEM STATEMENT

The goal of this paper is to implement a particle based
MeMBer filter more directly on the signals generated by the
phased sensor array [1]. Assume an array of M sensors. Let
there be N targets and the nth target at location ζnk generates a
signal snk . In this paper, we assume the signals are narrowband,
and of frequency ω. Assuming near field conditions, the sensor
model can be summarised as

zk = Aksk + rk (20)

where zk is the vector of sensor signals, sk is the signal vector
and the noise vector rk ∼ CN (0, R). The M × N steering
matrix

Ak = [a1k, ..., a
N
k ] (21)

whose n-th column is given by

ank =

[
e−j w

dζn
k
,1

e

dζnk ,1
,
e−j w

dζn
k
,2

e

dζnk ,2
, . . . ,

e−j w
dζn
k
,M

e

dζnk ,M

]T
(22)

describes the delay and attenuation snk undergoes in reaching
the mth sensor. e is the propagation velocity and dζnk ,m
is the distance between the nth target and the mth sensor.
For multiple targets, signals are added at the sensors. The
likelihood equation for this model, assuming normal sensor
noise of covariance R, is

p(zk|Ak, sk) =
1

πM det(R)
exp(−(zk−Aksk)H R−1 (zk−Aksk))

(23)
The PHD and MeMBer filters do not possess a framework
to evaluate (23). This non-provision can be bypassed using
image models [24] that induce considerable information loss.
Moreover, the MeMBer filter suffers from high computation
load in its particle implementation since the evaluation of (18)
requires construction of the beamformer image gk for each
particle and each target hypothesis in the multi-Bernoulli RFS.

Our proposal is motivated from the fact that MUSIC,
that allows the particles to operate in the dimension of a
single target space, provides a framework to feed the sensor
signals more directly to the MeMBer filter. Moreover, the
super resolution property of the MUSIC aids in separating very
close targets. The objective now is to design a particle based
MeMBer filter using MUSIC to localise and track the targets
at ζ1k , ..., ζ

N
k using the zk from (20).

V. MULTIPLE SIGNAL CLASSIFICATION

A. Classical MUSIC

Here, we will first describe how the non-Bayesian MUSIC
[30] can be used for target localisation, and then present our
idea of using it in the MeMBer filter. Consider we have
received zk using (20). Assuming that the signals and noise
are uncorrelated, the spatial correlation matrix can be given by

R̃k = E{Ak sk (Ak sk)
H}+ E{vk vHk } (24)

where (.)H denotes Hermitian transpose. After performing
eigendecomposition of R̃k, the eigenvectors corresponding to
the smallest M − N̂ eigenvalues are represented as

Un = [u1, ..., uM−N̂ ] (25)

Un contains the noise eigenvectors and its columns span the
noise sub-space. Ideally, N̂ should be equal to the actual
number of targets N . If any location ζ̂k in the field of view
is hypothesised to be a target, its steering vector aζ̂k can be
formed using (22) and the MUSIC pseudo-spectrum value of
ζ̂k is given by

SMU(ζ̂k) =
1

(aζ̂k)
H Un UHn aζ̂k

(26)



It is known that the covariance matrix and the eigenvalues are
sufficient statistics for estimating the target location from the
phased array data [34, 35].

B. MUSIC as a pseudo-likelihood in the MeMBer filter

In this paper, we propose to use the MUSIC value as a
pseudo-likelihood of a particle. Hence, (6), for a single target
posterior, is now written as

p(xk|z1:k) =
SMU(xk)p(xk|z1:k−1)

p(zk|z1:k−1)
(27)

In the MeMBer filter implementation, we propose to evaluate
(15) and (16) according to

εmk =
ε̂ik
∫
SMU(x̂

m
k )p(x̂mk )dx̂mk

1− ε̂mk + ε̂mk
∫
SMU(x̂mk )p(x̂mk )dx̂mk

(28)

p(xmk ) =
SMU(x̂

m
k )p(x̂mk )∫

SMU(x̂mk )p(x̂mk )dx̂mk
(29)

p(Xk|z1:k) which is then obtained from (14) is largest for
those particles that are close to the target(s) and smallest
for those particles that are far from the target(s). Since we
ideally require N̂ = N while evaluating (25), we propose to
use the MMSE-based-MDL algorithm [36] that provides an
almost accurate estimate N̂ of N . However, it is known that
the MUSIC algorithm does not catastrophically fail if N is
incorrectly estimated [37].

The fundamental contribution of this proposition is that,
while the MeMBer filter in its originally proposed form
requires the sensor observation zk in (3) to be an image
for evaluating (18), our proposed technique allows (3) to
be expressed directly as the phased array observation model
in (20). This is because the likelihood function p(zk|x̂mk ),
which is now chosen to be SMU(x̂

m
k ) is evaluated according

to (26) which requires the observation to be phased array
sensor signals. Consequently, this proposition will overcome
the information loss problem from which the MeMBer and
PHD filters suffer. However, inasmuch as SMU(x̂

m
k ) is not truly

a likelihood, p(Xk|z1:k) is not truly a multi-target posterior
state distribution, but possesses the attributes necessary for
tracking the mode of the posterior which is often an adequate
estimate of the target state [38]. A few other pseudo-likelihood
functions that have been successfully used in PF based target
tracking can be found in [39, 40]. Our proposal also aids in
significantly reducing the computational cost — while the
MeMBer filter requires the formation of complete beamformer
image to evaluate (18) for each particle and each hypothesis,
i.e., MkI images for every time sample, our technique requires
the evaluation of only MkI MUSIC values, each consisting of
a single number.

VI. EVALUATION

All simulations in this paper consider tracking acoustic
sources in a two-dimensional environment which includes 3
echo paths with 1 second reverberation time for 60 dB decay.
The targets are constrained to move with position 0m to xmaxm
in a line located 10m from another parallel line containing 5
sensors at positions 13m, 35m, 63m, 81m and 91m. The state
of the target xk is defined as in (1). The targets are assumed
to maneuver according to a constant velocity model.

In Fig. 1, we demonstrate the validity of the proposed
technique for tracking single/multiple, appearing/disappearing
and crossing targets. It can be seen that the filter quickly
locks on and tracks the targets with high accuracy. If a target
disappears, the existence probability of the Bernoulli RFS goes
low, thereby eliminating the track. The use of the Markov
transition prior as the proposal distribution is known to be
sub-optimal and the performance of the proposed scheme
could be enhanced using an improved importance distribution.
Nevertheless, it can be seen that the track initialisation and
deletion are conducted very effectively.
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Fig. 1: Filter estimates compared to the ground truth. The
observation space is a one dimensional grid of xmax = 100m
width. The number of particles that approximate the pdf
of each element in the multi-Bernoulli RFS is I = 1000.
f = 4KHz and ν = 1500m/s. The SNR is 30dB. The
Poisson mean of the number of newborn targets is λB = 10.
The probability of target survival (chosen to be constant) is
pS = 0.8. The pruning threshold is Tprune = 0.6. The merging
threshold is Tmerge = 1m. The filter runs for 50 time steps.

For the multi-target scenario described in Fig. 1, Fig. 2
shows the MMSE-based-MDL estimate N̂ of the number of
targets used to evaluate (25). It can be observed that the
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Fig. 2: The MMSE-based-MDL estimate of the number of
targets, versus time.



technique provides an accurate estimate of N (even at low
SNR levels).

Secondly, we demonstrate the ability of the proposed tech-
nique to effectively resolve close targets. For this, we use the
scenario shown in Fig. 3, in which, two targets cross each other
twice. This motion is realistic for real-world scenarios where
targets often move in straight lines with constant velocity and
occasionally make an abrupt maneuver [41].
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Fig. 3: The ground truth of the two targets used to obtain the
evaluation results in Fig. 5, Fig. 6, Fig. 7, Fig. 9, Fig. 10 and
Fig. 13. The target positions coincide exactly at k = 13 and
at k = 38.

In view of the fact that the PHD and the MeMBer filters
cannot operate directly on array data, for comparison with the
proposed method we first convert the sensor acoustic signals
into the minimum variance distortionless response (MVDR)
beamformer image which is the observation for the MeMBer
filter. For the PHD filter, the image is further thresholded
to generate the finite set measurement feed. Our proposed
MeMBer filter, however, operates more directly on the acoustic
signals. The super resolution property of MUSIC aids our filter
in resolving close targets and keeping the tracks separate for
a longer duration. Fig. 4 illustrates the resolution property of
MUSIC when compared with a MVDR beamformer image.

(a) Beamformer image. (b) MUSIC image.

Fig. 4: Beamformer and MUSIC outputs with two closely
spaced targets in a two dimensional environment.

Fig. 5, Fig. 6 and Fig. 7 show the particle evolution (for
the ground truth in Fig. 3) for the proposed MeMBer, the
MeMBer for image and the PHD filters respectively. It can be
seen that the proposed filter resolves close targets better than

the others. Before the first crossing at k = 13, it can be seen
that while the PHD and the MeMBer filters keep the targets
separate only until the 6th and 9th time samples respectively,
the proposed MeMBer filter keeps the targets separate until the
11th time step. After the second crossing at k = 38, the PHD
and MeMBer filters resolve the targets only after k = 46 and
k = 44 respectively, and the proposed MeMBer filter separates
the targets from the 40th time sample.
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Fig. 5: Evolution of the particles with time in the proposed
MeMBer filter. The specifications mentioned in the caption of
Fig. 1 apply to this figure also, except that the observation
space is now a one dimensional grid of xmax = 60m width.
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Fig. 6: Evolution of the particles with time in the particle based
MeMBer filter (for image data) [21]. The system specifications
described in the caption of Fig. 5 apply to this figure also,
except that the knowledge about the number of targets is
assumed to be known. The illumination threshold is Il = 0
so that the entire image is fed to the filter.

To further illustrate the filters’ resolving ability, we evaluate
the normalised PHD function for the proposed MUSIC MeM-
Ber and MeMBer filters (from (9)) and the PHD filter. Fig. 8
shows this PHD corresponding to the ground truth in Fig. 3 at
the 11th time step. The proposed method successfully resolves



the two targets while the other filters merge them inextricably
(as is also seen in Fig. 5, Fig. 6 and Fig. 7).
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Fig. 7: Evolution of the particles with time in the particle
based PHD filter [42]. The system specifications described in
the caption of Fig. 5 apply to this figure also, except that
the knowledge about the number of targets is assumed to be
known. The detection probability is pD = 0.95. Target birth is
not considered. Thresholding is done at 70% of the maximum
peak in the beamformer image. 1000 particles are used. To
separate the targets, we use clustering as proposed in [43].
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Fig. 8: Normalised PHD function of the MUSIC MeMBer,
MeMBer and PHD filters at the 11th time step.

Thirdly, we test the accuracy of the filters (using the ground
truth shown in Fig. 3) for varying SNR levels and Fig. 9
indicates that the proposed technique is very accurate. Its
performance advantage as against the PHD and the MeMBer
filters can be attributed to the more direct use of the acoustic
signals. At low SNR, spurious peaks in the beamformer image
degrade the MeMBer filter performance (error increases with
increasing Il). These unwanted peaks, in turn, increase the
false alarms in the PHD filter observation set and adversely
effects its performance. The joint filter operates using the true
likelihood function in (23) and performs better than the others.
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Fig. 9: rmse versus SNR. The specifications described in the
caption of Fig. 5, Fig. 6 and Fig. 7 apply to this figure also. For
MeMBer and PHD filters, the thresholding is done at 70% of
the highest peak in the beamformer image. For all the filters,
we assume knowledge about the number of targets. The results
are averaged over 20 trials, each having 50 time steps.

Fourthly, we show in Fig. 10, the complexity of the filters
(again using the ground truth in Fig. 3) by measuring the
computational time to evaluate one complete time step for
varying numbers of particles. It can be observed that our
technique requires fewer computational resources than the
MeMBer filter operating on the image data. This is because the
MeMBer filter needs to construct 2I images, each having 60
pixels for the evaluation of (18) while the proposed technique
requires only 2I MUSIC values. In the particle based PHD
filter, the majority of the time is consumed while evaluating the
beamformer image and hence the filter will be slower than the
others when I / xmax; xmax = 60m is width of the surveillance
region. The joint filter uses I particles of double the dimension,
and its complexity becomes unfavourable for larger numbers
of targets.
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Fig. 10: Time consumption for one time step versus I . The
specifications described in the caption of Fig. 9 apply to this
figure also. The legend of Fig. 9 applies to this figure also.



Finally, given that we use MUSIC as the pseudo-likelihood
of a particle, it is crucial to investigate the faithfulness of
MUSIC in accurately representing the true likelihood. Fig. 11
shows the true likelihood and the MUSIC pseudo-likelihood
evaluated over the entire 60m grid in the presence of a single
target. It can be observed that the MUSIC pseudo-spectrum
has a much narrower peak at the target location than that
of the true likelihood function, and hence will provide a
good estimate about the target location. The corresponding
cumulative distribution functions (CDFs), shown in Fig. 12,
indicate that the narrow peak in MUSIC pseudo-spectrum
causes its CDF to be truncated near the tails of the CDF of
the maximum-likelihood. This is shown using double arrows.
Hence, although MUSIC pseudo-likelihood provides a good
estimate of the mode of the target, it does not provide accurate
information about the uncertainty of the estimate.

To numerically assess how faithfully the proposed filter
approximates the actual posterior, we use the well known
Kolomogorov-Smirnov (KS) statistic [44] that provides a reli-
able measure of the accuracy of the estimate of the posterior.
The KS test evaluates the misfit between the two CDFs [44]
by using the largest absolute difference. KS testing for multi-
dimensional distributions is conducted using the two-sample
test [45]. Although used in [46], KS testing has not yet
received widespread use in the PF literature. In this paper, we
conduct the two-sample KS test on the proposed filter using
the ground truth shown in Fig. 3, except that now, only one
target is considered. Fig. 13 shows the KS statistic misfit of
the proposed filter with the theoretically optimal PF operated
with the true likelihood equation in (23). We also show the
KS values for the MeMBer filter in which the likelihood is:
a) the MVDR value, and b) combined value of MVDR and
MUSIC. As expected, we notice considerable disagreement in
all the three filter approximations. Although the disagreement
decreases with increasing I , it can be observed that the statistic
begins to exhibit asymptotic behaviour from I u 500.
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Fig. 11: The true likelihood and MUSIC pseudo-likelihood
spectrums. The target is exactly at 22m.

VII. CONCLUSION

In this paper, we address the problem of Bayesian multi-
target tracking from phased array observations. The theoreti-
cally optimal joint filter approach suffers from high compu-
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Fig. 12: CDFs for the normalised results in Fig. 11. The
locations of maximum deviation are shown with the arrows.
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Fig. 13: KS statistic disagreement versus the number of parti-
cles. The specifications described in the caption of Fig. 5 apply
to this figure also. The results are averaged over 20 trials, each
comprising 50 time steps.

tational complexity for large numbers of targets. Although
the PHD and MeMBer filters overcome this complexity by
operating in the dimensionality of a single target state space,
they do not possess the framework to operate directly on
phased array data and instead operate on the images derived
from the data. Converting the phased array data causes substan-
tial information and resolution loss, especially at high noise
conditions. The key innovation given here is to use for the
likelihood in the MeMBer filter, a function which has as its
domain the state-space of a single target. The MUSIC pseudo-
spectrum is such a function and has not previously been used
in this context. The merits of the proposal (as demonstrated
using simulations) are that the MeMBer filter can now operate
more directly on array data, resulting in improved accuracy
at low SNR. Moreover, the high computational effort, that is
otherwise required by the MeMBer filter, is drastically reduced.
Finally, close targets can now be easily separated by virtue of
the super-resolution property of the MUSIC.
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